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Abstract. We theoretically study the features of the spontaneous emission spectra in a coherently driven
cold four-level atomic system with a cyclic configuration. It is shown that a few interesting phenomena
such as spectral-line narrowing, spectral-line enhancement, and spectral-line suppression can be realized
in our system. Interestingly enough, the spectral-line enhancement and suppression can be controlled just
by appropriately modulating the phase, the frequency, and the intensity of an external coherent magnetic
field, respectively. This investigation may find applications in high-precision spectroscopy.

PACS. 42.50.Ct Quantum description of interaction of light and matter; related experiments – 32.80.Qk
Coherent control of atomic interactions with photons – 32.50.+d Fluorescence, phosphorescence (including
quenching)

1 Introduction

In the last few decades there has been intensive in-
terest in the study of spontaneous emission originating
from the interaction of the atomic system with the en-
vironmental mode. The theoretical approach in the con-
trol and modification of spontaneous emission is widely
discussed [1–16]. The potential applications for such a
spontaneous-emission control cover from lasing without
inversion [17–22], high-precision spectroscopy and magne-
tometry [23–25], transparent high-index materials [26,27],
quantum information and computing [28–30], and so on.
As it is well-known, for atoms in free space, atomic co-
herence and quantum interference are the basic phenom-
ena for efficient control of spontaneous emission [31,32].
It has been shown that the control of spontaneous emis-
sion can be achieved just by putting atoms into differ-
ent environment, such as in free-space, photonic crystals
and in optical cavities, which have different densities of
electromagnetic modes interacting with atoms. An alter-
native method of controlling spontaneous emission is to
couple atoms with external coherent fields. The quench-
ing of spontaneous emission in an open V-type atom was
investigated in reference [6]. Phase-dependent effects in
spontaneous emission spectra in a four-level atom were
proposed in reference [9] and for an atom near the edge of
a photonic band gap in reference [11]. Recently, Paspalakis
and Knight presented a phase control scheme in a four-
level atom driven by two lasers of the same frequencies in
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the presence of the spontaneously generated quantum in-
terference, where the relative phase of the two lasers was
used to obtain partial cancellation, extreme linewidth nar-
rowing, and total cancellation in the spontaneous emission
spectrum [7]. This spontaneously generated quantum in-
terference can lead to the appearance of ultranarrow spec-
tral lines [7,33], gain without inversion [21], atomic pop-
ulation trapping in excited levels [34], phase-dependent
line shapes [9,15,35], and pulse-preserving propagation in
dissipative media [36,37]. However, it should be noted
that the existence of this quantum interference, which
is usually referred to as spontaneously generated coher-
ence (SGC) or vacuum-induced coherence (VIC), requires
that two close-lying levels be near-degenerate and that
the atomic dipole moments be nonorthogonal when the
atom is placed in free space. Unfortunately, it is very
difficult, if not impossible, to find a real atomic system
with SGC to experimentally realize these phenomena be-
cause the rigorous conditions of near-degenerate levels and
nonorthogonal dipole matrix elements cannot be simulta-
neously satisfied. As a result, few experiments have been
performed to achieve these interesting phenomena based
on SGC. More recently, Wu and his coworkers studied
the spontaneous-emission properties of a coherently driven
four-level atom, and showed a few interesting phenom-
ena such as fluorescence quenching, spectral-line narrow-
ing, spectral-line enhancement, and spectral-line elimina-
tion. They also pointed out that these phenomena could
be observed in the experiment since the rigorous condi-
tion of near-degenerate levels with nonorthogonal dipole
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moments was not required [38]. In the following re-
search [39], Li et al. studied a different four-level atomic
model and arrived at similar conclusions. To the best
of our knowledge, no further theoretical or experimental
work has been carried out to study such atomic sponta-
neous decay properties in a four-level atomic system with
a cyclic configuration via an external coherent magnetic
field, which motivate the current work.

In this paper we put forward a new scheme for the four-
level atom with cyclic or ∆-type transitions in which we
can efficiently control the spontaneous emission via vary-
ing the phase, the frequency, and the intensity of an exter-
nal coherent magnetic field, and the nature of this field is
determined by the level structure (could be infrared, mi-
crowave, radio-frequency (RF) etc., depending upon the
structure of the atomic levels). Of particular interest is
the application of an external coherent magnetic field, as
the RF (or microwave) source is more readily available and
easier to control in comparison with an extra laser field,
and this is the situation considered in this paper. In our
scheme, the quantum coherence between two lower ground
levels is induced by an external coherent magnetic field in-
stead of the sharing of the vacuum modes by the two tran-
sitions. The proposed scheme requires three driving fields
but is more convenient in its experimental realization.

The remainder of this paper is organized into three
parts as follows. In Section 2, the model is presented. The
basic dynamics equations of motion, and their solution
for the spontaneous emission spectra are derived. In Sec-
tion 3, we analyze our results and discuss in detail the
influence of the phase, the frequency, and the intensity of
the external coherent magnetic field on the spontaneous
emission spectra. A possible experimental realization of
our scheme is also proposed. Finally, we conclude with a
brief summary in Section 4.

2 Model and solution

Consider a medium of four-level atoms with three ground
states |1〉, |2〉, |4〉 and one excited states |3〉 as depicted in
Figure 1. A coherent probe laser with carrier frequency ωp

and Rabi frequency 2Ωp drives the transition |1〉 ↔ |3〉.
At the same time, a coherent coupling laser with carrier
frequency ωc and Rabi frequency 2Ωc is used to couple the
transition |2〉 ↔ |3〉. The transition |2〉 ↔ |1〉 is electric
dipole forbidden transition while magnetic dipole allowed,
and we apply an external control magnetic field with car-
rier frequency ωd and Lamor frequency 2Ωd to the optical
transition |2〉 ↔ |1〉, and the nature of this field is deter-
mined by the level structure (could be infrared, RF, mi-
crowave, etc., depending upon the structure of the atomic
levels [40]). While the transition from the state |3〉 to the
state |4〉 is assumed to be coupled by the vacuum modes in
the free space. The interaction of driven transitions with
the vacuum modes is neglected. With the rotating-wave
approximation and the electro-dipole approximation, the
whole Hamiltonian describing the atom-field interaction
for the system under study in the Schrödinger’s picture,

Fig. 1. Schematic diagram of four-level atoms in a coherent
medium interacting with a probe laser with Rabi frequency
2Ωp, a coupling laser with Rabi frequency 2Ωc, and an external
coherent magnetic field with Lamor frequency 2Ωd (the transi-
tion |1〉 ↔ |2〉 is electric dipole forbidden transition while mag-
netic dipole allowed). The atomic states are labelled as |1〉, |2〉,
|3〉, and |4〉, respectively. The transitions |1〉 → |2〉 → |3〉 → |1〉
owns a cyclic configuration. ∆p, ∆c, and ∆d are the frequency
detunings of the corresponding probe, coupling, and coherent
magnetic fields, see text for details.

is given by

H =
4∑

j=1

�ωj |j〉〈j| +
∑

k

�ωkb+
k bk

+ �

(
Ωpe

−iωpt|3〉〈1|+Ωce
−iωct|3〉〈2|+Ωde

−iωdt|2〉〈1|

+
∑

k

g4,kbk|3〉〈4| + h.c.
)
, (1)

where the symbol h.c. means the hermitian conjugate, the
quantities Ωp, Ωc, and Ωd are one-half Rabi an Lamor
frequencies for the relevant driven transitions, i.e., Ωp =
µ31Ep/(2�), Ωc = µ32Ec/(2�) and Ωd = µ21Ed/(2�) with
µmn = µmn · eL (eL is the unit polarization vector of the
corresponding laser field; m, n = 1–3) denoting the dipole
moment for the transition between levels |m〉 and |n〉, and
E

(a)
j = �ωj (j = 1–4) is the energy of the atomic state |j〉.

b†k and bk are respectively the creation and annihilation
operators for the kth vacuum mode with frequency ωk; k
here represents both the momentum vector and the polar-
ization of the emitted photon. g4,k stands for the coupling
constant between the kth vacuum mode and the atomic
transition |3〉 ↔ |4〉. For the sake of simplicity, in following
analysis we will take ω1 = 0 for the ground state |1〉 as
the energy origin. According to the spirit of reference [41]
via choosing the proper free Hamiltonian, turning to the
interaction picture, with the assumption of � = 1, the free
and interaction Hamiltonian can be respectively rewritten
as follows

H0 = (ωp − ωc) |2〉〈2| + ωp|3〉〈3| + ω4|4〉〈4| +
∑

k

ωkb+
k bk,

HI = (∆p − ∆c) |2〉〈2| + ∆p|3〉〈3|
+

(
Ωp|3〉〈1| + Ωc|3〉〈2| + Ωd|2〉〈1|

+
∑

k

g4,kbke−i(∆p−δk)t|3〉〈4| + h.c.
)
, (2)

where the frequency detunings of three driving fields
and the vacuum modes are defined respectively by
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∆p = ω31 − ωp = ω3 − ωp (ω1 = 0), ∆c = ω32 − ωc,
∆d = ω21 − ωd, and δk = ω34 − ωk, as shown in Fig-
ure 1. In the above derivation process, we have assumed
that the carrier frequencies of the three fields satisfy
ωp = ωc+ωd for the sake of simplification, the relationship
∆p = ∆c + ∆d can be obtained.

The wave function of the atomic system, at a specific
time t, can be expanded in terms of the bare-state eigen-
vectors such that

|Ψ (t)〉 = [a1 (t) |1〉 + a2 (t) |2〉 + a3 (t) |3〉] | {0}〉
+

∑

k

a4,k (t) |4〉|1k〉, (3)

where aj(t) (j = 1–4) stands for the time-dependent prob-
ability amplitude of the atomic state |j〉. | {0}〉 represents
the absence of photons in all vacuum modes, and |1k〉 in-
dicates that there is one photon in the kth vacuum mode.

Making use of the well-known Schrödinger equation
in the interaction picture i∂ |Ψ(t)〉 /∂t = HI |Ψ(t)〉 and
performing the Weisskopf-Wigner approximation [42], the
coupled equations of motion for the probability amplitude
evolution of the atomic wave functions can be readily ob-
tained as

∂a1(t)
∂t

= −iΩ∗
pa3(t) − iΩ∗

da2(t), (4a)

∂a2(t)
∂t

= −i(∆p−∆c) a2(t)−iΩ∗
ca3(t)−iΩda1(t), (4b)

∂a3(t)
∂t

= −i

(
∆p−i

Γ0

2

)
a3(t)−iΩpa1(t)−iΩca2(t), (4c)

∂a4,k(t)
∂t

= −ig∗4,ke
i(∆p−δk)ta3(t), (4d)

where Γ0 = 2π |g4,k|2 D(ωk) is the spontaneous-decay rate
from level |3〉 to level |4〉, and D(ωk) is the vacuum-mode
density at frequency ωk in the free space.

Carrying out the Laplace transformations ãj(s) =∫ ∞
0 e−staj(t)dt [s is the time Laplace transform variable]

for equations (4a–4c) and integrating equation (4d) with
respect to t′, we have the results

sã1(s)−a1(0) = −iΩ∗
p ã3(s)−iΩ∗

dã2(s), (5a)

sã2(s)−a2(0) = −iw2ã2(s)−iΩ∗
c ã3(s)−iΩdã1(s), (5b)

sã3(s)−a3(0) = −iw3ã3(s)−iΩpã1(s)−iΩcã2(s), (5c)

a4,k(t) = −ig∗4,k

∫ t

0

eiw4t′a3(t′)dt′, (5d)

where we have introduced the definitions w2 = ∆p − ∆c,
w3 = ∆p − iΓ0/2, and w4 = ∆p − δk, respectively. aj(0)

(j = 1–3) is the probability amplitude at the initial time
t = 0.

Equations (5a–5c) can be solved directly in terms of
a1(0), a2(0), and a3(0), therefore the solution to the prob-
ability amplitude ã3(s) can be found as

ã3(s) =
f3(s)a3(0) − f2(s)a2(0) − f1(s)a1(0)

f(s)
, (6)

with

f3(s) = |Ωd|2 + s (s + iw2) ,

f2(s) = iΩcs + ΩpΩ
∗
d ,

f1(s) = iΩp (s + iw2) + ΩcΩd,

f(s) = s (s + iw2) (s + iw3) + |Ωd|2 (s + iw3) + s |Ωc|2
+ |Ωp|2 (s + iw2) − iΩpΩ

∗
c Ω∗

d − iΩ∗
pΩcΩd.

As it is well-known, the spontaneous emis-
sion spectra is the Fourier transformation of
〈E−(t + τ)E+(t)〉t→∞, and can be expressed as the
form S(δk) = (Γ0/2π |g4,k|2) |a4,k(t → ∞)|2 for our stud-
ied atomic system. According to the above equation (5d),
we have a4,k(t → ∞) = −ig∗4,k

∫ ∞
0

eiw4t′a3(t′)dt′ =
−ig∗4,kã3 (s = −iw4). And substituting the expression (6)
of ã3(s) into the expression of a4,k(t → ∞), we can obtain

S(δk) =
Γ0

2π |g4,k|2
|a4,k(t → ∞)|2 =

Γ0

2π
|ã3(s = −iw4)|2

=
Γ0

2π

∣∣∣∣
f3(δk)a3(0)−f2(δk)a2(0)−f1(δk)a1(0)

f(δk)

∣∣∣∣
2

,

(7)

where the coefficients are given by

f3(δk) = |Ωd|2 − w4 (w4 − w2) ,

f2(δk) = Ωcw4 + ΩpΩ
∗
d ,

f1(δk) = Ωp (w4 − w2) + ΩcΩd,

f(δk) = w4 (w4 − w2) (w4 − w3) − |Ωd|2 (w4 − w3)

−w4 |Ωc|2−|Ωp|2 (w4−w2)−ΩpΩ
∗
c Ω∗

d−Ω∗
pΩcΩd.

Equation (7) is the main results of the present study. In or-
der to account for the effect of the phase of the external co-
herent magnetic field on the spontaneous emission spectra,
we replace Ωd by |Ωd| eiΦ. Again we assume Ωp and Ωc to
be real, i.e., Ωp = |Ωp| and Ωc = |Ωc| in the following anal-
ysis. Under the conditions a1(0) = 1, a2(0) = a3(0) = 0,
and ∆p = ∆c = 0, we then have w2 = 0, w3 = −iΓ0/2,
and w4 = −δk so that the spontaneous emission spectra
S(δk) in equation (7) can be explicitly reduced into the
following form

S(δk, Φ) =
Γ0

2π

(|Ωc| |Ωd| − |Ωp| δk)2 + 2 |Ωp| |Ωc| |Ωd| δk (1 − cosΦ)
[
δ3
k −

(
|Ωp|2 + |Ωc|2 + |Ωd|2

)
δk + 2 |Ωp| |Ωc| |Ωd| cosΦ

]2

+ 1
4Γ 2

0

(
δ2
k − |Ωd|2

)2 . (8)



470 The European Physical Journal D

−4 −2 0 2 4
δk/γ

0

2

4

6

8

S
(δ

k)

(b)

−1 0 1
0.00

0.05

0.10

Fig. 2. Spontaneous emission spectra S(δk) (in units of γ−1) for Ωp = γ, Ωc = γ, |Ωd| = 2.5γ, a1(0) = 1, a2(0) = a3(0) = 0,
Γ0 = γ, ∆p = 0, ∆c = 0 and ∆d = 0. (a) Φ = 0; (b) Φ = π/6; (c) Φ = π/4; (d) Φ = π; (e) Φ = 7π/6; and (f) Φ = 5π/4. The
inset displays an enlargement of the central peak for clarity.

Under another conditions a1(0) = 1, a2(0) = a3(0) = 0,
∆p = 0, ∆c = −∆d, and Φ = 0, we then have w2 = ∆d,
w3 = −iΓ0/2, and w4 = −δk so that the spontaneous
emission spectra S(δk) in equation (7) can be also reduced
into the following form

S(δk, ∆d) =
Γ0

2π

[|Ωc| |Ωd| − |Ωp| (δk + ∆d)]
2

G
, (9)

with

G =
[
δ3
k + ∆dδ

2
k −

(
|Ωp|2 + |Ωc|2 + |Ωd|2

)
δk − ∆d |Ωp|2

+2 |Ωp| |Ωc| |Ωd|
]2

+
1
4
Γ 2

0

(
δ2
k + ∆dδk − |Ωd|2

)2

.

3 Results and discussion

In this section, we present a few numerical results about
the spontaneous emission spectra S(δk). All parameters
used in the calculations are scaled by γ, which should be
in the order of MHz for rubidium or sodium atoms. First
of all, we will analyze how the phase Φ of the external
coherent magnetic field modifies the spontaneous emis-
sion spectra S(δk) via the numerical calculations based
on equation (7). In Figure 2, we plot the spontaneous

emission spectra S(δk) versus the detuning δk for dif-
ferent phases Φ under the initial condition of a1(0) = 1
and a2(0) = a3(0) = 0 when the three driving fields is
tuned to the resonant interaction with the corresponding
atomic transitions. When the phase Φ is adjusted from
0 to 5π/4, the spontaneous emission spectra have a con-
version from double-peak structure to three-peak struc-
ture. Specifically, for the case that Φ = 0 (see Fig. 2a),
a high side peak and an extremely suppressed central
peak occur. An alternative side peak is completely sup-
pressed. For the case that Φ = π/6, a pair of side peaks
and one almost completely suppressed central peak can
be observed. The height of left side peak is raised some-
what with respect to the case that Φ = 0, while new right
side peak with ultranarrow line can be greatly enhanced
(see Fig. 2b). For the case that Φ = π/4, left side peak
and central peak change little. The height of right side
peak decreases rapidly (see Fig. 2c). It is straightforward
to show from Figure 2 that we can obtain the new spec-
tral line corresponding to π + Φ from the old spectral line
corresponding to Φ just by replacing δk with −δk (see
Figs. 2d, 2e, and 2f), as can be easily seen from equa-
tion (8), i.e., S(δk, π+Φ) = S(−δk, Φ). On the basis of the
above analysis, we can see that by adjusting the phases of
the external coherent magnetic field, such as Φ = π/6 and
Φ = 7π/6 (see Figs. 2b and 2e), large enhancement of the
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Fig. 3. Spontaneous emission spectra S(δk) (in units of γ−1) for Ωp = γ, Ωc = γ, |Ωd| = 2.5γ, Φ = 0, a1(0) = 1, a2(0) =
a3(0) = 0, Γ0 = γ, ∆p = 0, and ∆c = −∆d. (a) ∆d = 0; (b) ∆d = 0.1γ; (c) ∆d = 0.15γ; and (d) ∆d = 0.2γ.

ultranarrow line can be achieved and the behavior of the
spontaneous emission spectra can be controlled efficiently
as well.

In Figure 3, we plot the spontaneous emission spectra
S(δk) versus the detuning δk based on equation (9) by
modulating frequencies ∆d of the external coherent mag-
netic field under the same initial condition as above except
that Φ = 0 when the probe driving field is tuned to the
resonant interaction with the atomic transition |3〉 ↔ |1〉.
It is clearly shown that, when the external coherent mag-
netic field is tuned to level |2〉 (i.e., ∆d = 0 in Fig. 3a), one
side peak and an extremely suppressed central peak can
be observed. Interestingly, for a small frequency detuning
of the external coherent magnetic field, i.e., ∆d = 0.1γ,
a new right ultranarrow side line appears (see Figs. 3b
and 3c). With the increase of ∆d to further higher value,
right ultranarrow side line can be greatly enhanced (see
Fig. 3d).

Figure 4 shows the effect of external coherent magnetic
field intensity on the spontaneous emission spectra S(δk)
when the probe, coupling and external coherent magnetic
fields are respectively tuned to the resonant interaction
with the atomic transitions |1〉 ↔ |3〉, |2〉 ↔ |3〉, and
|1〉 ↔ |2〉. As can be seen, the change of the magnetic field
intensity affects appreciably both the width and the height
of the spectral lines. With gradual increase of the intensity

of the external coherent magnetic field, we can see that the
height of left side peak increases and its width becomes
narrower, while the height of right side peak decreases
slowly. Specifically, for the case that no external coher-
ent magnetic field exists (i.e., |Ωd| = 0), the spontaneous
emission spectra exhibit symmetrical double-peak struc-
ture with equal height and normal linewidth restricted by
spontaneous decay rate Γ (see Fig. 4a). In contrast, when
the external coherent magnetic field is applied, for the case
that |Ωd| = 1.5γ and 2.5γ, the position of left enhanced
side peak keeps away from δk = 0, while the position of
right suppressed side peak closes with δk = 0. When the
external coherent magnetic field intensity continues to in-
crease (e.g., |Ωd| = 3.5γ in Fig. 3d), greatly enhanced side
peak with narrow width can be obtained.

Before ending this section, let us briefly discuss the
possible experimental realization of our proposed scheme
by means of alkali-metal atoms, appropriate diode lasers
and microwave source. Specifically, we consider for in-
stance the cold atoms 87Rb–D2 line (nuclear spin I = 3/2)
as a possible candidate. The designated states can be
chosen as follows: |1〉 = |5S1/2, F = 1, mF = 0〉, |2〉 =
|5S1/2, F = 2, mF = 0〉, |3〉 = |5P3/2, F = 2, mF = 1〉,
and |4〉 = |5S1/2, F = 2, mF = 2〉, respectively. In this
case, the two coherent laser radiations at ωp and ωc

are sidebands created by modulating the frequency of a
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Fig. 4. Spontaneous emission spectra S(δk) (in units of γ−1) for Ωp = γ, Ωc = γ, Φ = 0, a1(0) = 1, a2(0) = a3(0) = 0, Γ0 = γ,
∆p = 0, ∆c = 0 and ∆d = 0. (a) |Ωd| = 0; (b) |Ωd| = 1.5γ; (c) |Ωd| = 2.5γ; and (d) |Ωd| = 3.5γ.

laser tuned to the 5S1/2 to 5P3/2 transition (D2 line at
780.2 nm). A microwave field, which can be created by
means of a cavity as illustrated in reference [43], drives
the magnetic dipole transition between |1〉 = |5S1/2, F =
1, mF = 0〉 and |2〉 = |5S1/2, F = 2, mF = 0〉 with
the hyperfine splitting frequency ω21 = 6.84 GHz. While
the transition from the excited level |3〉 = |5P3/2, F =
2, mF = 1〉 to the metastable level |4〉 = |5S1/2, F =
2, mF = 2〉 can be coupled by the vacuum modes in the
free space. Moreover, in order to eliminate the Doppler
broadening effect, atoms should be trapped and cooled by
the magneto-optical trap (MOT) technique.

4 Conclusions

In summary, we have theoretically investigated the spon-
taneous emission spectra of a coherently driven four-level
atomic system by means of the probe field, the coupling
driving field, and the external coherent magnetic field. The
results clearly show that, by properly adjusting the phase,
the frequency detuning, and the intensity of the external
coherent magnetic field, we can observe a few interest-
ing phenomena in the spontaneous emission spectra, such
as spectral-line narrowing, spectral-line enhancement, and
spectral-line suppression. According to our analysis, these

interesting phenomena should be observable in realistic
experiments by using cold Rb or Na atoms, appropriate
diode lasers and microwave source or radio-frequency field.
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ral Science Foundation of China under Grant Nos. 10575040,
90503010 and 10634060 and by National Basic Research Pro-
gram of China under Contract No. 2005CB724508. The author
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